The linear stability of plane Couette flow past a deformable solid is analyzed in the creeping-flow limit with an objective towards elucidating the consequences of employing two widely different formulations for the dissipative stresses in the deformable solid. One of the formulations postulates that the dissipative stress is proportional to the strain-rate tensor based on the left Cauchy-Green tensor, while in the other the dissipative stress in the solid is proportional to the rate-of-deformation tensor. However, it is well known in continuum mechanics that the rate-of-deformation tensor obeys the fundamental principle of material-frame indifference while the strain-rate-tensor formulation does not and hence it is more appropriate to employ the rate-of-deformation tensor in the description of dissipative stresses in deformable solids. In this work we consider the specific context of stability of plane Couette flow past a deformable solid and demonstrate that the results concerning the stability of the system from both models differ drastically. In the rate-of-deformation formulation for the dissipative stress, there is a range of solid-fluid thickness ratios (between 1.21 and 1.46) wherein the system is always stable for nonzero values of solid viscosity, unlike the strain-rate-tensor formulation wherein the system is unstable at all values of solid thickness. Further, for a solid-fluid thickness ratio less than 1, incorporation of dissipative effects in the solid using the rate-of-deformation formulation shows that the flow is more unstable compared to a purely elastic neo-Hookean solid, while for strain-rate-tensor formulation the flow is stabilized with an increase in viscosity of the solid. Using the fundamentally correct dissipative stress formulation, we also address the stability of pressure-driven flow in a deformable channel, wherein previous work carried out for an elastic neo-Hookean solid has shown that only the short-wave instability (driven by the first normal stress difference in the solid) exists while the finite-wave instability is absent in the creeping-flow limit. Using a consistent formulation for viscous stresses in the solid, we show that the short-wave instability is completely stabilized beyond a critical viscosity of the solid. Thus the present study clearly demonstrates the importance of consistent modeling of dissipative effects in the solid in order to accurately predict the stability of fluid flow past deformable solid surfaces.
I. INTRODUCTION
Fluid flow past soft deformable solid surfaces has been studied theoretically as well as experimentally in the literature because of its relevance to technological applications and to biological flows. In microfluidic devices [1] [2] [3] , because of their submillimeter dimensions, the flow usually happens to be laminar and it requires a very high pressure drop to pump the fluid, resulting in poor transport rates. Mixing in such devices is usually enhanced by either active or passive manipulation of the flow [4] . Active methods such as electrokinetic flows [5] and surface modification [3] have issues of moving external parts and cost of energy. Passive methods such as flow focusing, split recombination, deformable walls [6] [7] [8] [9] [10] [11] , and soft-elastomer coatings [12] can potentially provide an alternative because of their nonintrusive nature and ease of fabrication. For the past two decades, flow past deformable solid surfaces has generated immense interest because of drag reduction mainly in marine and aerospace applications, but these are external flows [13] . Research in internal flows in deformable tubes arguably started with the experimental work of Krindel and Silberberg [14] . They observed a higher drag force and pressure drop for flow through a gel-coated deformable tube. Recent experiments [15] have shown fivefold enhancement of mixing and a significant reduction in the transition Reynolds number in a channel flow with a deformable wall and have further shown [16] that a turbulentlike state is achieved in a microchannel (with soft walls) at a Reynolds number around 250. These experimental results have motivated several theoretical studies in flow through deformable channels and tubes, which will have implications in the design and function of microfluidic devices fabricated using deformable elastomers.
Kumaran et al. [6] first analyzed the stability plane Couette flow past a deformable solid in the zero-Re (creeping-flow) limit and showed that the flow is unstable in this limit. The dominant wave number for this instability is O (1) and this is referred to as the finite-wave instability (or the viscous mode), which exists even for a solid-fluid thickness ratio H 1. With the inclusion of viscous dissipation η r in the solid, the finite-wave instability exists only for H > √ η r . Later, Muralikrishnan and Kumaran [7, 17] demonstrated experimentally the onset of finite-wave instability in Couette flow. Gkanis and Kumar [8] argued that for the strains that are involved in the experiments, it is appropriate to use the frame-invariant neo-Hookean model to describe the deformation in the solid layer. In addition to the finite-wave-number instability [6] , Gkanis and Kumar also predicted a new short-wave instability that arises because of the first normal stress difference in the base state of the neo-Hookean solid. The finite-wave-number instability is the most unstable mode when the ratio of solid to fluid thickness is large (greater than 1), while the short-wave mode is critical for smaller values of solid to fluid thickness ratios. Eggert and Kumar [18] carried out experiments on Couette flow to probe the postinstability scenario and found that the instability is subcritical in nature, which is in qualitative agreement with the theoretical predictions of Shankar and Kumaran [19] . Previous experimental studies [17, 20, 21] have typically considered poly(dimethyl)siloxane or polyacrylamide gels for which the loss modulus G is comparable to the storage modulus G , which implies that solid viscosity η s =
G ω
(ω being the frequency) could play an important role in the stability of fluid flow past deformable solid surfaces. Hence, it is important to accurately model the dissipation in the solid in order to validate theoretical predictions with experimental observations. In the literature, viscous dissipation in a deformable solid has been modeled in two drastically different ways. One formulation uses the strain-rate tensorĖ left [22, 23] based on the left Cauchy-Green deformation tensor, while the other uses the rate-of-deformation tensor D [9, 10] . Chokshi and Kumaran [22] considered the strain-rate tensor to model dissipation in the solid and showed that instability exists for all values of solid thickness. In the regime when √ η r /H < 1, viscosity stabilizes the flow, while for √ η r /H > 1, viscosity destabilizes the flow. In contrast, in the linear elastic solid, viscosity always stabilizes the flow. Gaurav and Shankar [9] used a rate-of-deformation tensor for dissipation in the channel flow and showed that inclusion of dissipation always stabilizes the flow at high Reynolds number but they did not examine the role of dissipation in the creeping-flow limit in their work. Destrade et al. [24] showed that the strain-rate tensor is not the appropriate choice for incorporating viscous stresses in the solid, as this led to an unphysical kink in the wave formation and suggested the use of the rate-of-deformation tensor.
In the present work we demonstrate the consequences of using the two different formulations for the dissipative viscous stress in the solid in the context of plane Couette and plane Poiseuille flows past a deformable solid layer. The rest of the paper is organized as follows. Section II describes the configuration considered and the constitutive equations for both the fluid and solid used in this work. Linear stability analysis is carried out for the plane Couette flow and the corresponding linearized equations are given in Sec. III. Section IV discusses the results obtained from both the solid viscous dissipation formulations and their effect on the flow stability for plane Couette flow. In the case of pressure-driven channel flow, the consequences of incorporating the rate-of-deformation tensor for the viscous stress on the flow stability are discussed. The major findings of the present study are summarized in Sec. V. 
II. PROBLEM FORMULATION
We first consider the plane Couette flow past a deformable solid layer ( The nondimensional governing equations of mass and momentum for the fluid in the creeping-flow limit are given by
where v is the velocity and τ is the shear stress tensor in the fluid
The deformable solid is modeled as an incompressible neo-Hookean elastic solid with dissipation [8, 9, 22, 25, 26] . In the Lagrangian description, the particle motion in the solid is described by
where X is the reference position of a material particle at time t = 0, x is the current position of the particle at any time t, and u is the displacement vector of the particle. The incompressibility condition in the solid is expressed as [25] det
where F is the Lagrangian deformation gradient tensor in the solid. Many polymer gels and soft elastomers also exhibit dissipative behavior during deformation and hence it is necessary to include this as well in the stress tensor. The shear stress in the solid thus is comprised of both elastic and dissipative parts as considered in previous studies [27] :
where σ is the Cauchy stress tensor and E left is the Lagrangian strain tensor based on the left Cauchy-Green deformation tensor F · F T . It must be noted that in traditional continuum mechanics [25, 26] , the Lagrangian strain tensor E = 1 2 (F T · F − I) is defined based on the right Cauchy-Green deformation tensor. In order to distinguish the two strain tensors, we use the subscript left to indicate 033602-3 the strain tensor based on the left Cauchy-Green deformation tensor. There have been two widely different formulations that were employed in earlier studies to model the dissipative contribution σ D to the stress tensor in the solid. In one approach [27, 28] , the dissipative part of stress tensor is given by
where D is the rate-of-deformation tensor and L is the spatial velocity gradient tensor [25, 26] . In another approach [22, 23] the dissipative part is considered as
whereĖ left is the strain-rate tensor obtained by taking the material time derivative of the strain tensor E left . While considering constitutive relations for a solid, especially at finite deformations, the relation for the Cauchy stress tensor σ must obey the principle of material frame indifference [25] . In a neo-Hookean solid, the elastic part of the stress is proportional to F · F T , which is frame invariant. It is a proven fact in continuum mechanics that the rate-of-deformation tensor D is frame indifferent, while the strain-rate tensorĖ left is not [25, 29] . Hence it is not appropriate to describe the dissipative stress in the solid usingĖ left . Recent studies [24, 30] have also emphasized that the strain-rate tensor is not appropriate for incorporating viscous dissipative effects, as it yields unphysical results in the context of wave formation in prestressed viscoelastic solids [31] . In this work, we employ both formulations and demonstrate how the use of the (incorrect) strain-rate formulation for the dissipative stress leads to results that are drastically different from the rate-of-deformation formulation. The equation of motion in the solid is given as
where P is the first Piola-Kirchhoff stress tensor. The nondimensional base state velocity for plane Couette flow is of the form
where = V η f /GR is the nondimensional strain rate in the base flow. The base state deformation of the solid is given as
The Cauchy stress in the neo-Hookean solid exhibits first the normal stress difference (σ xx − σ zz = 2 ) in the base state, which gives rise to short-wave instability [8] , but this feature is absent in the linear elastic solid [6] .
III. LINEAR STABILITY ANALYSIS
The temporal stability of plane Couette flow is analyzed by imposing small perturbations to the base state and the governing equations are then linearized. In this study, we consider two-dimensional perturbations of the general form
wheref (z) is the amplitude of the disturbance, k is the wave number, which is a real quantity, and s is the growth rate, which is a complex quantity in a temporal stability analysis. equations are of the form
The linearized governing equations for the solid (using the rate of deformation tensor D for dissipation) are given by
where
is the solid to fluid viscosity ratio. The corresponding linearized governing equations for the solid when the strain-rate tensor is employed for the dissipative stress are provided in the Appendix. The linearized boundary conditions at the fluid-solid interface arẽ
The boundary conditions at the top and bottom rigid plates arẽ
The linearized equations for the fluid (13)- (15) and solid (16)- (18) are combined to form a single fourth-order equation for each medium and are solved analytically for the respective general solutions, which are given bỹ
The eigenfunctions are substituted into the boundary conditions (19) - (22) to construct a matrix of the form
where M is an 8 × 8 matrix and the vector a
T . The determinant of the matrix M is set to zero to find the nontrivial solution, which yields the characteristic equation. This equation is solved for the growth rate s by specifying the parameters H , , η r , and k. The characteristic equation is a transcendental equation for growth rate s for nonzero values of the viscosity ratio η r and hence it has to be solved numerically by a Newton-Raphson iteration procedure. When η r = 0, the characteristic equation is quadratic and this allows for analytical solutions for 033602-5 growth rate s. A spectral method [32] is also implemented to solve the fourth-order differential equations for the fluid and solid with the boundary conditions for the growth rate s as an eigenvalue, since this method provides all the eigenvalues without the need for an initial guess. The results of the spectral method serve as an initial guess for the Newton-Raphson method to determine the growth rate. From this we plot the neutral stability curves in the -k parametric space. The minimum value of in this curve is called the critical strain rate c since it is the lowest required to make the flow just unstable for a specified set of parameters H and η r .
IV. RESULTS

A. Couette flow
First, we recapitulate the results obtained in earlier studies [6, 8] for a pure elastic solid, which is then followed by a discussion of the results obtained in this work focusing on the effect of solid viscosity using the two different formulations for dissipation in the solid. Using the linear elastic solid model, it was demonstrated [6] [8] , it was shown that for H 1, the results are very similar to that obtained from the linear elastic model; however, for H 1, a new unstable mode arises at short wavelengths due to the first normal stress difference in the base state of the neo-Hookean solid. This physical effect is absent in the linear elastic model and hence this instability was not predicted using linear elastic model [6] .
In our work, for the case of a purely elastic neo-Hookean solid (η r = 0), we have verified that the results are the same as reported by Gkanis and Kumar [8] and the corresponding neutral curves at different thickness can be seen in Figs. 2(a)-2(d) . When viscous dissipation in the solid is included, it can be taken in two forms, using eitherĖ left or D. The relation betweenĖ left and D is given
For infinitesimal strains, F T F ≈ I and henceĖ left ≈ D. However, for finite strains, this does not hold and in generalĖ left and D are very different. For this reason, the momentum balance equations for the solid with these two models for dissipation are vastly different. This leads to drastically different results for different formulations for the viscosity. Now the question arises as to which formulation is the consistent one for viscous dissipation in solids. To answer that question, we first recall the previous work of Chokshi and Kumaran [22] , where they considered the strain-rate tensor for the viscous part, which is a symmetric tensor. However, this is not a consistent formulation for viscoelastic solids as the strain-rate tensor is not frame invariant (see Ref. [25] , p. 403 and Ref. [29] , pp. 105-106). The rate-of-deformation tensor does not violate the principle of material frame invariance and hence it is appropriate to use the rate-of-deformation tensor D for the viscous part in the Cauchy stress tensor. In the recent work of Destrade et al. [24] , the addition of the strain-rate tensor to the first Piola-Kirchhoff stress tensor gave rise to waves with a sharp kink on a soft solid, which is unphysical, and this was attributed to the use of the strain-rate tensor to model dissipative effects in the solid.
To reconcile the issue of material-frame indifference, Destrade et al. [24] suggested the use of the rate-of-deformation tensor D, which resulted in the removal of an unphysical kink and gave rise to a gentle slope in the waves. The work of Destrade et al. is on wave propagation in the soft solid alone, but the present work is concerned with the stability of the coupled fluid-solid system. Here, as we demonstrate below, we find major differences in the results obtained using different viscous formulation terms. In the previous work of Chokshi and Kumaran [22] , they used the strain-rate tensor for the viscous term, which predicts instability at all solid thicknesses. However, as discussed above, this is not the proper formulation for modeling dissipative stresses in the solid. When the rate of deformation tensor is considered, the results are significantly different when compared to the results obtained using the strain-rate tensor. First we demonstrate the differences that arise in 033602-6 CONSISTENT FORMULATION OF SOLID DISSIPATIVE . . . the neutral stability curves in the -k plane both at low and high H . In particular, at low H , the behaviors of the neutral curves obtained from the two formulations are significantly different. At low H , inclusion of viscosity using the strain-rate-tensor formulation has contrasting effects on finite-wave and short-wave modes. An increase in viscosity η r stabilizes the short-wave mode and destabilizes the finite-wave mode, and at η r = 1, the short-wave mode gets fully stabilized, which can be seen in Fig. 2(a) . For the same case, when viscous dissipation in the solid is modeled using the rate-of-deformation tensor, the results show interesting behavior at low H . There exists an upper branch for the short-wave mode (beyond which there is no instability) even for the smallest value of 033602-7 η r = 10 −7 . This feature is absent in the strain-rate-tensor formulation. With an increase in viscosity, first the finite-wave mode splits into two branches and then the lower branch of the short-wave mode merges with the lower branch of the finite-wave mode and the upper branch of the short-wave mode merges with the upper branch of the finite-wave mode until η r = 0.33. After η r = 0.33, both the short-wave and finite-wave modes separate out again and the short-wave neutral curve becomes a closed curve. A further increase in the viscosity makes the closed short-wave neutral curve shrink and eventually disappear and the short-wave mode gets totally stabilized [ Fig. 2(b) ]. Thus, only the finite-wave mode remains after η r = 0.35, but the critical strain rate obtained for the finite-wave mode is lower than the critical strain rate obtained for a pure elastic solid. However, this is not the case with the strain-rate tensor. At high H , both models predict similar behavior for the neutral stability curves, which are shown in Figs. 2(c) and 2(d), but there is a difference in the critical strain rate c until H = 5. For H > 5, both models predict nearly the same critical strain-rate values. The critical strain rate c is plotted as a function of H for specified values of η r in Fig. 3(a) . For both formulations, the critical c is independent of H for H 1 for the short-wave instability. The reason why this happens is explained by noting that for the short-wave instability, the length scale over which the eigenfunctions are in solid decay is proportional to k −1 and hence the solid layer thickness H does not play any role.
For the strain-rate-tensor formulation, inclusion of viscous effects always stabilizes the flow at all thicknesses for η r = 1 when compared to a purely elastic solid. The results obtained using the rate-of-deformation tensor, in contrast, exhibit the opposite behavior at both low and high H , as shown in Fig. 3(a) . At low H , inclusion of viscosity destabilizes the flow because of modes merging and separating for η r = 1, as shown in Fig. 2(b) , and viscous dissipation stabilizes the flow at high H where the finite-wave mode is critical for instability, as shown in Fig. 2(d) . In Fig. 3(a) there is a break in the unstable zone between thicknesses H = 1.21 and H = 1.46, implying that at these thickness values, no matter how high is, there is no instability, as shown in Figs. 3(a) and 3(b) . The break in the unstable zone does not exist for low η r as demonstrated for the case of η r = 0.3. For linear elastic solids, Kumaran et al. [6] showed that for the finite-wave mode, c scales as (H − √ η r ) −1 for H > 1. For neo-Hookean solids, the corresponding scalings are different for the two dissipative formulations. The results obtained using the strain-rate tensor show the scaling of the critical strain rate as c ∝ H −1 for √ η r /H < 1 and for the case of √ η r /H > 1, c ∝ H −1/2 , which is shown in Fig. 4(a) (which is the same as that reported in Ref. [22] ). At sufficiently high 033602-8 
033602-9
B. Channel flow
We next discuss the role of dissipation in the solid for the case of pressure-driven flow in a neo-Hookean channel, with the rate-of-deformation formulation being used for the dissipative part of stresses in the solid. For flow in a channel with deformable walls, there are two possible types of modes, viz., sinuous and varicose modes of deformation of the two channel walls. The work of Gaurav and Shankar [9] showed that, in contrast to Couette flow, there is no finite-wave-mode instability in the channel flow in the creeping-flow limit for a pure elastic neo-Hookean solid, but there is a short-wave instability that exists for all thicknesses. Because of the small length scales associated with the short-wave instability, the critical for this mode is unaffected by the nature of the symmetry conditions (viz., sinuous or varicose) used at the channel center line. Hence, our results for the short-wave instability for nonzero values of η r are similarly unaffected by the centerline boundary conditions. With the inclusion of viscosity of the solid, the neutral curve for the short-wave mode turns back in the -k plane, and upon further increment in viscosity, the region of the short-wave instability shrinks in size in the -k plane and the instability eventually disappears. Thus, the short-wave mode gets fully stabilized after a critical value of viscosity (see Fig. 5 ) similar to the case of Couette flow [ Fig. 2(b) ]. Our results thus indicate that beyond a critical value of η r , there is no instability in the creeping-flow regime for pressure-driven flow in a deformable channel.
V. CONCLUSION
Linear stability analysis is carried out for the case of plane Couette flow past a deformable neo-Hookean solid in the creeping-flow limit using two different formulations for incorporating dissipative effects in the solid. One formulation proposes that the dissipative part of stress is proportional to the strain-rate tensor based on the left Cauchy-Green deformation tensor [22] , while the other postulates that the dissipative stress is proportional to the rate-of-deformation tensor D [25] . However, the formulation involving the strain-rate tensor violates the fundamental principle of material-frame indifference in continuum mechanics [25] and hence cannot be a valid candidate for modeling dissipative effects in the solid. Nonetheless, some previous studies [22, 23] have used this formulation to analyze the stability of fluid flow past deformable solid surfaces. In the present study, we used both formulations for the dissipative stress and we have shown that the results for the stability of the plane Couette flow are drastically different. For a pure elastic solid, the neutral curves in the -k plane show the existence of both short-wave and finite-wave modes. For H 1, the short-wave mode is critical for the instability and the finite-wave mode is critical for H 2. With the inclusion of solid viscosity, both models give drastically different results and the salient differences are summarized below.
The formulation involving the strain-rate tensor yields the following results.
(i) At low values of H (<1), an increase in viscosity has the opposite effect on the short-wave mode (stabilizing) and the finite-wave mode (destabilizing) and there is a switch in the critical mode at η r = 0.5. For η r < 0.5, the short-wave mode is critical, while for η r > 0.5, the finite-wave mode is critical.
(ii) At low values of H (<1), the short-wave mode is completely stabilized at η r ≈ 1. (iii) At high H (>1), the finite-wave mode is the most critical for instability, but the c (critical strain rate) for this finite-wave mode is higher than that obtained for a purely elastic solid, thus indicating a stabilizing action of solid viscosity.
(iv) For nonzero solid viscosity and H > 1, two different scalings are observed (as reported in [22] ), one in the regime of H < √ η r , with c ∝ H −1 , and the other in the regime of H > √ η r , with
However, the actual value of c is higher than that obtained for a purely elastic solid for H < √ η r , while c is lower than that for a purely elastic solid for H > √ η r . In contrast, the following are the corresponding results obtained for the rate-of-deformation tensor D.
(i) At low H (<1), there exists an upper bound in the -k plane for the short-wave mode, while the upper bound is absent in the strain-rate formulation. With an increase in viscosity η r , the finite-wave and short-wave modes merge, but again separate into distinct modes for η r = 0.33.
(ii) The unstable region for the short-wave mode forms a closed curve in the -k plane, whose size shrinks with an increase in η r . The short-wave mode is completely stabilized at η r > 0.35.
(iii) In contrast, at low H , the finite-wave instability gets destabilized by an increase in η r , compared to the case of a purely elastic neo-Hookean solid.
(iv) At high H (>1), the finite-wave mode is critical for instability, but the c (critical strain rate) is higher than that compared to the value obtained for a pure elastic solid. This trend is similar to the one obtained using the strain-rate formulation.
(v) There exists no instability for solid thickness values between H = 1.21 and 1.46 when η r = 1. This behavior is absent in the strain-rate-tensor formulation. However, for the case of η r = 0.3, instability exists at all H .
(vi) For nonzero solid viscosity and H > 1, the formulation using the rate-of-deformation tensor exhibits only one scaling behavior in the regime of H < √ η r , with c ∝ H −1 , which is the same as the prediction obtained from the linear elastic solid [6] .
Thus, the present study shows that the predictions for stability of flow past deformable solid media are sensitively dependent on the formulation employed to model dissipative stresses in the solid. This is especially important for solid thickness H < 1, where the consistent formulation using the rate-of-deformation tensor predicts that the role of viscosity in the solid can be destabilizing compared to a purely elastic neo-Hookean solid. We further showed that an increase in the solid viscosity leads to a complete stabilization of the short-wave instability (driven by the first normal stress difference in the solid) and the finite-wave mode becomes the most critical mode. For the case of pressure-driven flow in a deformable channel, our results show that there is no finite-wave instability at any value of η r . The short-wave instability is fully suppressed when η r increases beyond a critical value, very similar to the plane Couette flow case. These predictions will have important bearing on the comparison of theoretical and experimental studies in the stability of flow past soft solid surfaces.
